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MEMORIAL UNIVERSITY OF NEWFOUNDLAND
DEPARTMENT OF MATHEMATICS AND STATISTICS

FINAL EXAMINATION MATHEMATICS 1000 Winter, 2014

Calculators are not permitted on this examination.

1. Evaluate each of the following limits, assigning co or —oco where appropriate. You
may not use L’ Hospital’s Rule.

. 3—Vz2+5
(a) lim ——————

z—2 z—2

hm — V1245 lim?.—\/:::2+5 3+\/x2+5_hm 9 — (22 +5)

=2 T —2 z—~2 T —2 34+vr2+5 -2(z—2)(3+Vz2+5)
— 2 - —(2 —4

i 4—z o @-o@+n) . —(2+3) _ 4

m = lim = — =
a2 (z — 2)(34+ V22 +5) =2(z—2)(3+Vz?+5) =-23+Vz2+5 6

(b)

5 8 —5 (81:—5) lim 8—— 8—-0 8 8
im —— =z = = =
B vy RS v S Jors VETO VB 2

z—3
() lim o 5 +3
z—3 . z—3 -2
lim ——————— = lim = — =00

o1+ 222 — 5z +3  z+ (22-3)(z—1) O~
e N —

- +

2. Find the horizontal and vertical asymptotes, if any, for the graph of the function

_ (2z-1)?
(2z — 1)? Az —4z+1 | 4—-24+5 4-0+40
— — 1
O Jm e T im T % L 4-0
x2

So the line y = 1 is a horizontal asymptote.

(2z — 1) 2z —1)2  2z-1

@) f@) ="y T (z-1)(2z+1) 22+l

22+1=0 when £ =—1. Sotheline z=—} is a vertical asymptote.



[4] 3. (a) Determine whether the function
3 —64
fz)={ ?_16 if z#4
0 if z=4

is continuous at z = 4. Justifly your answer using the definition of continuity.

o z3—64 . (z—-4)(z?+4z+16) . z’+4r+16 16+16+16
lim = lim = lim —
c—dg2—16 -4 (z—4)(z+4) o4 44 4+4
48
=—=6
8

But f(4)=0. So y£irr‘11 f(z) # f(4), and f is not continuous at z =4.

6] (b) Use the definition of continuity to find a and b, if possible, so that the function

6 if z=2
ar?—-b if z>2

az+b if z<2
o]

is continuous at = = 2.

1ir£1_ flz) = lirg_ (ax +b) =2a+b For lirr}rz f(z) to exist we must have
z]inz’1+ f(fB) = zlirgl*_(amz — b) =4aq-b _-cl_l.gl— f(:z;) e ,,.li.r& f(q;)
2a+b=4a-0
a=b

Then lir% f(z) = 3a. Now f(2) = 6. So to have lini f(z) = f(2) we must have
z— o

3a = 6; i.e. a=2. So for f to be continuous at z =2 we must have a = b=2.

(5] 4. Use the definition of the derivative to find the derivative of f(z) = Tk
5 5
. fl@+h)—f(z) . 3—(z+h)? 3-z* . 5(3—z%)—5[8—(z+h)?] 1
! = = = 1 . -
fi(z) = jim h M h B -G@+hIB-) h
o 15-502 154508 +10ch 5k 1 Wshi5h? L
"~ h0 [3 — (z + h)?|(3 — 2?) h = h=0[3—(z+h)?(3—-22) h

10z + 5h 10z 10z

T B-@rAAB-)  G-2)B-) (-2
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5. Find and simplify the derivative of each of the following. Use logarithmic differentiation
only where necessary :

.2
sin® 2z
) a T)=——"7—
f(z) = (14 cos?2x) - 2sin 2z - cos 2z - 2 — sin® 2z - 2cos 2z - (—sin 2z) - 2
B (1 + cos? 2z)2
_ 4(1 + cos® 2z) sin 2 cos 2z + 4sin® 2z cos2z _ 4sin 2z cos 2z [(1 + cos? 2z) + sin? 27
N (1 + cos?2z)? B (1 + cos?2z)?
_ 4sin2zcos2z(1+1)  8sin2zcos2z
T (1+4cos22z)2 (1 +cos?2z)?
e41:
[5] (b) flz)=—7=—

2 e8:::

1
/41_1.41:.4_ 41:______'642_4 464:1: /e4z_ -
‘ ‘ ‘ 2vetr —1 etz —1

f’(IL‘) = (\/éU:—lV - edt — 1

_ detT(e - 1) 287 2¢*2[2(e** — 1) —e*?]  2e**(e** - 2)

(ef= — 1)Ve= — 1 (et — 1) (et= — 1)

[5] (c) f(z)=(1+2nz)*ln’z
1, , 2
fl(z) = (1+21n:c)4-21nx-5+1n z-4(1+2Inx) =
_ 2In(z) (1 + 2lnz)3[(1+ 2lnz) + 4Inz]
T
_ 2Inz (1+2lnz)*(1 +6Ilnx)
T
[5] (d) f(z)= (sinz)*"?

In f(z) = sinz In(sin z)

1
f(z)

1 .
f'(z) = sinz - —— - cosz + In(sin ) - cos T = coST + COS T In(sin z)
sinz

= cosz(1 + In(sin z))

f'(z) = f(z)[cosz(1 +In(sinz))] = (sin )% cos z (1 + In(sin z))



(5] 6. (a) Find and simplify the derivative of

flz) = ztan™} (%) —2In(z%+16) [ Note that tan™!z = arctanz }

1 1 1
/ = — . — -1 E — . .
f@) =3y g e (4) 2~ 2

(5] (b) Find and simplify the second derivative y” of the function given by

y = sinh? 3z

y' = 2sinh 3z cosh 3z - 3 = 6sinh 3z cosh 3z
y" = 6 [sinh 3z sinh 3z - 3 + cosh 3z cosh 3z - 3] = 6(3sinh® 3z + 3 cosh” 3z)

= 18 (sinh® 3z + cosh® 3z)

7. Find each of the following limits:

cosz — cos 3z

[4] (a) lim >
. €cOST — cos 3T . —sinz + 3sin 3z .~ —cosz+9cos3z —1+9
lim ———————— = lim = lim = =4
z—0 2 z—0 2 z—0 2 2
[5] (b) lim (1+ 2sinz)z
z—0t

111(1)1+(1+2sin$)% (1% type) Let y= 1ir0n+(1+2sinx)%
r— z—
2 1 ocose
2 2In(1 + 2si o —
Iny = lim =In(1+2sinz) = lim n(l+2sinz) .~ Ll+2sing
z—0t T r—0+ T z—0+ 1

I 4coszx 4
= l1im = =
z—0+ 1 +2sinz 140

So y=e* Thus lim (1+ 2sinz)s = e*

z—0t
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8. Find an equation of the normal line to the graph of the equation

[5]
2z —ylny =14
at the point (2,1).
2z —ylny =4
L, )
2—(1+lny)y' =0
;L 2
y_1+lny
At (2,1): ¥ = —— =2
YT T T
11 , .
my = v 2 Equation: y—1=—3(z—2)
y=—32+2

5] 9. A helicopter leaves the ground at a point 30 metres horizontally away from an observer
and rises vertically at a rate of 2 m/sec. At what rate is the distance between the
observer and the helicopter changing 20 seconds after the helicopter leaves the ground?

s2=9y*+302  Given dy_ 2, find % when t = 20.

dt
ds dy ds ydy vy 2y
e —_— —=——=—2 = —
v s =W 0 = H=iu T YT
When ¢t =20, y=2(20) =40 and s = v/402+ 30% = 50. Then
4
ds=gg—-—2(0)=§m/sec

30 % s 50 5
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(8] 10. A closed rectangular box is to have base with length three times its width. Find the
dimensions of the box of least surface area if the volume is to be 288 cm?®.

Let z = width We want to minimize
, 3z = length _ 2
s " heignt = 2(32") + 2(ou) + 23))
z 3 z S = surface area = 6z° + 8wy
T

with 3z%y = 288

96

Yy = ;5

8
S(z) = 622 + 8z (9_3) _ g2 4 (08
T I

768  122° — 768 _ 12(z® — 64)

S'(z) =12z — p = p
S'(z)=0 when z=4
S"(z) = 12-}-E§—6 = §'(5) = 12—1——1%3—6 > 0. So S has a minimum at z =4 . Then
z
96

So the dimensions should be

4cm X 12 cm X 6 cm.
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11. Sketch the graph of y =

2
————, giving intercepts, asymptotes, where increasing and
(z +2)?

where decreasing, any relative maximum and relative minimum points, where concave
upward, where concave downward, and any inflection points. [Note: y = Z#$2)3
__8(1—=x) ]

and y" = @i 2)e

_ ‘T2 r_ 4z //_8(1_33)
V=12 YT v YT @)

Intercepts: (0,0)
Asymptotes: y=1, z=—2

Other:
y =0 for =0
y =00 for £=-2
-0 << —2 y' >0  increasing
-2<z<0 y <0 decreasing (0,0) rel. min.
0<z<o0 y >0 increasing

y' =0 forz=1

y' =00 for £=-2
—o << -2 y' >0 concave up
-2<z<l1 y' >0 concave up (1,1) inflection point
l<z<oo y' <0 concave down
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[5] 12. Answer one of (a) or (b): Determine, with reasons, whether the given statement is
True or False. No marks will be given for a correct answer without a valid justification.
n

100 (a) lim %c— = 0 for all positive integers n.
—0o0

(b) The function f(z)= |z —2| is differentiable at z = 2.

(a) Using L‘Hospital’s Rule we get

i . nz™t . n(n-—1)z"?2
lim — = lim = lim ——————
r—o0 e¥ r—oo T T—00 er

etc.

Then applying L‘Hospital’s Rule n times we get

n
.. T .0
lim — = lim — =0
r—oo e¥ z—o00 T

So the statement is True.

. f@+R)—f(2) _ . |@+h)-21—10] _ . ;]
’ _ — = Lt §
®) 7C) == T 2 h 1
—
—t—t ——+— h
does not exist since lim ] =—-1 and lim l——l =1. -1
h—0- h h—0+ h

So f is not differentiable at z = 2, and the statement is False.





